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We formulate the theory of light scattering from polaritons in ionic crystals by a Green’s-
function method. The theory is presented in a form that allows the effect of the damping of
the lattice motion to be included in a rigorous fashion. Difficulties encountered in earlier
phenomenological approaches to the problem are eliminated by the present work. It is pointed
out that, in principle, detailed studies of the shape of the Raman line may be utilized to de-
termine the frequency dependence of the phonon proper self-energy over a wide range of fre-
quencies. We present the results of numerical studies of the shape and position of the Raman
line as a function of scattering angle, for the case where the frequency dependence of the
proper self-energy is ignored. We find that even when the damping of the lattice is appreciable,
the position of the line center as a function of scattering angle is given accurately by employing
the polariton dispersion relation appropriate to the case where no damping is present.

I. INTRODUCTION

The transverse optic (TO) phonons of long wave-
length generate a macroscopic electromagnetic
(EM) wave when they are excited. As a conse-
quence, the long-wavelength normal modes of an
ionic crystal are mixed modes, involving both
lattice motion and the EM field. These mixed
modes are called “polaritons.” The study of the
Raman scattering of light from these modes has
provided useful information about the properties
of polaritons, and a number of other properties
of ionic crystals.! Since the polariton modes con-
tain roughly an equal admixture of lattice motion
and EM field when the wave number g of the polar-
iton is near wqo/c, where wygo and ¢ are the fre-
quency of the TO phonon and the velocity of light,
experimental study of these modes requires ob-
servation of the Raman effect in the near forward
direction. This is because wpo/c is small com-
pared to the wave vector of light employed in
these experiments.

The theory of the Raman scattering from polar -
itons was first discussed by Loudon. ? In many
discussions of the experimental data, one ignores
the effect of the damping of the lattice motion on
the spectrum of the scattered light. One then ob-
tains a line that has zero width, i.e., theradiation

leaving the crystal contains spectral components
at + w,(q), where w,(q) is the polariton frequency
appropriate to the particular scattering angle ex-
amined. In real crystals, the lattice motion is
damped, either by anharmonic effects or by crys-
tal imperfections. The finite lifetime of the TO
phonon will cause the spectral distribution to
scattered light to be spread out in frequency, and
will also shift the position of the center of the
Raman line. The purpose of this paper is to pre-
sent a theory of the line shape and frequency shift,
and to discuss the kind of information one may ob-
tain by studying these quantities.

A phenomenological means of describing the
position of the line center has appeared in a num-
ber of papers.® In the absence of any damping,
the polariton dispersion relation may be written
in the form

2%/ w?= €(w) = €4 + 4mPwho/ (Who — ?) 1

where €, is the high-frequency (optical) dielectric
constant, and B is the contribution of the lattice
to the static polarizability of the crystal. Polari-
ton dispersion curves computed for parameters
appropriate to ZnSe are given in Fig. 1. One
then includes the effect of the damping on the dis-
persion relation by replacing the right-hand side
of Eq. (1) by €z(w), the real part of the dielectric
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FIG. 1. Polariton dispersion
curves for ZnSe, ignoring the effect
of damping of the lattice motion. The
quantities €5 and €, are the static and
high-frequency dielectric constants,
respectively. The dashed curves
give the relation between frequency
transfer and wave-vector transfer
for various scattering angles.
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constant €(w). In Fig. 2, we give the form in the
presence of damping obtained by the procedure
just described. The dispersion curves in Fig. 2
are then regarded as the dispersion curve for the
excitations of the medium.

There are three serious shortcomings of the
procedure described in the preceding paragraph.
First of all, the lower hair-pin-shaped branch
turns back when the wave number ¢ is equal to
the value ¢, indicated in the figure. It is quite
clear that one canrot obtain a description of large-
angle Raman scattering from TO phonons using
this description. One has to use different theories
to describe large-angle Raman scattering and
small-angle scattering in the polariton regime.
The existence of this turnaround at ¢, has caused
Puthoff et al.® to suggest that the nature of the
normal modes should change qualitatively as ¢
passes through ¢, although these authors found
the scattering intensity to vary smoothly with
angle in this regime. Another difficulty is that
when the damping is large, g, becomes quite
small, and the dispersion curve of Fig. 2 turns
about at very small scattering angles. Third,
for g <q., Fig. 2 indicates the presence of three
distinct portions of the dispersion curve. This
suggests that one might see some evidence of the

o 1.0 20
—_—

middle piece in the scattering spectra, although
no such effect has been reported so far.

The difficulty with the use of Fig. 2 stems from
an improper description of the nature of the ex-
citation in the medium in the presence of damping.
One attempts to describe the excitation in the
medium by a “sharp” well-defined wave vector g
and a well-defined frequency w. This kind of
description is inappropriate in the presence of
damping, where the excitation has a finite lifetime
and a finite mean free path.

The Green’s-function method allows one to study
the spectrum of radiation scattered inelastically
from crystals, without the need of assigning a
well-defined frequency and wave vector to the ex-
citation in the medium. In the Green’s-function
formulation, the variables that enter the theory in
a natural fashion are the frequency shift w=w, - wg
and wave-vector transfer q= E,-— kg suffered by
the exciting radiation. If the crystal is transpar-
ent, these quantities are real, and are given once
the scattering geometry is known.

In this paper, we present the theory of light
scattering from polaritons, for the case when an-
harmonic damping of the lattice motion is impor-
tant. By employing a Green’s-function method, we
obtain an expression for the scattering cross sec-
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tion that applies in the polariton regime and to the
large-angle regime. We also present numerical
studies of the line shape and linewidth as a function
of scattering angle in the polariton regime. In
general, the intrinsic width of the line is found to
vary with scattering angle, and the line is also
asymmetric. The source of the asymmetry is the
variation with frequency of the admixture of the
electro-optic and atomic displacement contribu-
tions to the cross section, at fixed scattering
angle. A quantitative study of these effects and

a discussion of their dependence on the properties
of the crystal are presented below.

We also find that the position of the polariton
line as a function of scattering angle is accurately
given if the data are interpreted by assuming that
the position of the peak is given by the polariton

e|e —_
-

dispersion relation, in the absence of damping.
This is so even when an appreciable amount of
damping is present.

It is pointed out that a detailed study of the
polariton line shape as a function of scattering an-
gle provides a means of determining the frequency
dependence of the proper self-energy Il(g, Q) of
the TO phonon, at q~0. Infrared and large-angle
Raman studies of the intrinsic width of the TO
mode generally provide information about only
Im[I1(0, wpo)].*

II. DERIVATION OF RAMAN CROSS SECTION

The interaction between the external electric
field E(7, #) and the excitations of the medium will
be described by adding to the Hamiltonian H, of
the crystal the term

FIG. 2. Dispersion curves
computed for parameters relevant to
ZnSe, from the relation ¢%¢®=w?e Rs
where €y is the real part of the di-
electric constant in the presence of
damping. The curves shown have
been computed for the damping con-
stant I'=2.5 cm™!. The turnaround
wave vector g, decreases with in-
creasing I'.
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Hy=-%[df aP°(®)-EE) , (2)

where the operator AP )(F) is the change in the
electronic contribution to the electric dipole mo-
ment of the crystal produced by an excitation of
the medium. There are two contributions to

AP ‘() when a polariton is excited. The first is
the atomic displacement contribution that has its
origin in the dependence of the dielectric polar-
izability x on the relative positions of the ions,
and the second is associated with the dependence
of x on the electric field. Excitation of a polariton
generates a macroscopic field & in the crystal,
and in noncentrosymmetric crystals a change in
x of first order in &, occurs.

Let us consider an optical mode in a crystal
with two atoms per unit cell. We consider long-
wavelength modes, and take the operator dto rep-
resent the relative displacement between ions in
the unit cell. We make a continuum model, and
treat U(X,f) as a continuous function of position.
Then assuming AP *(¥') depends only on the local
values of the electric fields and displacement 4,
we have

APZ(I?):E{aaB;yur(F)‘*‘baB-,y &(E}Es(F) . (3)
By

The quantity @ ., , is the atomic displacement
susceptibility tensor, and b, is the electro-op-
tic tensor. For crystals of the zinc-blende struc-
ture, the third-rank tensors a,g,, and b4, have
only one independent component:

Aup;y=a I€aB'/| s ba3;7=b|€a87|
where €,;, is the Levi-Civita symbol. Thus,

Hl:_ZB;f%dr{aa8;7u7+ba8;r&;}EeEa' (4a)
aby

We now wrife the electric field operator E(i")
and the vector potential A(F) in the form

Ea(F>=<—41) > 2

EN)g, e (4b)
€V P2 £

47c2\ 172 - P

and Aa(ﬂ=< ) 2 eaBNAz e T (4c)
€V ka

where €, is the high-frequey_lcy dielectric constant,

V is the crystal volu_{ne, e(k)) is the polarization

vector of the mode (k2), and

7 1/2 N
An-(g0) " @vala) (40)
Mg, =i wg)t/? (a;,\—aj‘,;x), (4e)
with wg=ck/Ve,. The aj, and a}, are the usual

boson annihilation and creation operators that
satisfy the commutation relations

|-

[ail, a%'),'] = 5;;: GM-
It follows that
[AEX’ H% 'A.'] = ihﬁ; K '5‘).1'

Also note Ag =A%y and IMg,=Ig, .

Inserting the expansion of Eq. (4) into Eq. (3),
and retaining only terms that describe Raman
scattering of the incident photon gives

21Th_ E Z;

OVuB'V Exy RO

X f dreitt

where €=E— k’ is the wave-vector transfer suf-
fered by the photon. We may now compute the
Raman efficiency employing the form in Eq. (5),
and the Fermi golden rule. The calculation pro-
ceeds precisely along the lines of Van Hove’s clas-
sical discussion of the scattering of crystals.® It
is convenient to write (¥ ) in the form

(wzwi. )1/2 (k)\)es(k 7\’)‘11: gy

(aaﬂ;v“'/“'baﬂ;'r &), (5)

ﬁ(;):W > & (@) Qee' !

In this expression, N is the number of unit cells
in the crystal m is reduced mass of the unit cell,
€ om (Q) is the polarization vector associated with
the phonon, and @; is the normal coordinate of
the mode. We consider the scattering produced by
a single phonon branch, so no branch index ap-
pears. We also use a Fourigr decomposition of
the polariton electric field é’"(i") the same as that
given in Eq. (4b).

For crystals of the zinc-blende structure where
@qp;y and bgg,, have the form given above, we find
the differential Raman efficiency per unit length,
per unit solid angle, per unit frequency range
d®S/dQdw is given by

a’s
dQdw ~ mc

2
Z) o1)25(9)2M € |

T
cw 2T
4mm \ /2

(av.)

1/2
(o) a@om o)

““[ a® (Q5(0)Q% (1))

ab (13(0)Q3(£)

41rm

YoV, b2 (115 (0)I% (t))] . (6)

In Eq. (6), w; is the incident frequency, V, is the
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volume of the unit cell, w=w; —wg is the frequency
shift experienced by the light, and the vectors

&(I) and &(S) are the polarization vectors of the in-
cident and scattered light, respectively. The an-
gular brackets denote an average over the appro-
priate statistical ensemble.

The correlation functions in Eq. (6) may be com-
puted from standard prescriptions of many-body
theory. If we have two operators A and B, we
define the retarded Green’s function

G ()=-1i6(t) [A®), B(0)])
= (@), B0k,
where 6(#)=1, >0
=0, £<0

Then we define the spectral density @,z(w) by
the relation
@ as(w)=(1/) [G{ (w —i€) =GR (w+i€)] ,

with G(R)( ) fdt tth(R)()

Correlation functions of the type encountered in
Eq. (6) are then directly related to @45 (w):

J‘+eo ﬂ
cw 2T

where n(w)=(e"®/#87 —1)"!

e (A(0)B(1)) ={1+n(w)} @ 4p(w) ,

Equation (6) may then be written in the form

s _hv. i

2
dQdw = mct [1+n(w)]

Zj 8, (1)2g(S)EP™ | gy ]

dom\ V2

X[ a GQQ(q, w)+ab( 0V> am(q,w)
drm \1/2 -~ 4mm

Q 2

+ab < €ch> ar(q, @)+ V. b

This last result provides a general expression
for the Raman cross section, once the correlation
functions in Eq. (7) are known. We shall turn our
attention to the computation of these functions in
Sec. III. Note that the wave vector g and frequency
w are the wave-vector transfer and frequency
shift of the incident photon; both of these quanti-
ties are real and are well defined in any particu-
lar experimental measurement.

e, w)} ()

III. FORM OF GREEN’S FUNCTIONS

In this section, we find the form of the varioué
Green’s functions and associated spectral densi-
ties that appear in Eq. (7). In order to do this,

we now need to consider a detailed model of the
lattice motion and the electric fields generated
by the lattice motion.

We let Q; be the normal coordinate associated
with a long-wavelength TO phonon, in the absence
of coupling between the lattice and the EM field.
The symbol P; will denote the momentum cannon-
ically conjugate to @;. The Hamiltonian will be
taken to be a sum of four terms:

H=Hyy+Hey+Heyoon +Hy({Q3 1), (8)

where H,,=3 Y3 (P5P; + w%oQ3Q3) is the portion of
the Hamiltonian that describes the long-wavelength
TO phonons in the harmonic approximation,

Hgy= %EE [mgm; + (czqz/%)A%Aa]

is the Hamiltonian of the EM field in the absence
of coupling to the lattice, and

4m 1 ¥ 2ne™*
Hepyoon = — Z)P*A + = Z} A3A;
Eaeo ( &V, m) €Vem

describes the coupling between the TO mode and
the EM field. In this expression, e* is the dipole
moment effective charge of the mode. The form
given for each of the three terms just described
may be derived from the Lagrangian introduced
by Hopfield® that describes the interaction between
classical polarization waves in crystals and the
EM field. We consider only transverse modes in
the present work.

Finally, Eq. (8) contains an anharmonic term
H,{Qg) that will cause the long-wavelength TO
modes to acquire a finite lifetime. The notation
is chosen to stress the fact that H, depends only
on the normal coordinates @; of the phonons,
i.e., the momenta Pj; do not enter H ,.

The Green’s functlon G%5(t) introduced in Sec.
1I satisfies the equation of motion (with 7=1)

ch{tAB =5(t){[A,B])+{({[A@®),H], B(0)), (9)

where H is the Hamiltonian of Eq. (8). We let

Doold, @)= | 2 (Q4(®), Q0))) e , (10a)

Poo@w)= [ L ((my), @00 e™*, (100)
Par(@w)= [ o ((Q1 (), m3(0)))e™" , (100)

and G w)= [ o (), T5O))e . (100)

The spectral densities that appear in Eq. (7) may
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be constructed from these functions by the proce-
dure outlined in Sec. II.
Upon employing Eqs. (9) and (10), one finds

(0o = w*)Dgq(d, ) + Q) Pyo(d, w)
- 8pold, w)=-1/27 , (11)
where Q2=4me*2/mV €, and we have introduced
Sral@ @)=[ 3= (([PHO), Hul, (0N ™

The effect of the damping of the lattice motion
makes its appearance through the term § pq(q, w).
The function §p,(q, w) may be written in the

form

9 PQ(E’ w): szO H(a, w)DQQ(ay (U) ) (123.)

where T1(q, w) is the phonon proper self-energy.
We shall make one important assumption. Con-
sider the lowest-order contribution to IT from the
presence of third-order anharmonicity. The dia-
gram associated with this contribution is given in
Fig. 3. The wave vector q that will concern us
here is very small, when compared to the distance
of the Brillouin-zone boundary from the origin of
k space. When one computes the contribution to
II from a diagram like that in Fig. 3, phase-space
considerations show that the __dominant contribution
comes from large values of k, where the joint
density of states is large. These short-wavelength
modes are not affected by the coupling of the lat-
tice to the transverse EM field. The polariton
effects are confined to a small volume of phase
space near the origin. Thus, to an excellent ap-
proximation, we may presume the proper self-en-
ergy of Eq. (12a) is unaffected by the interactions
responsible for the polariton character of the long-

B+q» Iwnt w

b y 1Wm
FIG. 3. First term in the phonon proper self-energy,
in the presence of cubic anharmonicity.

wavelength TO modes, i.e., we suppose H(a, w) is
unaffected by the presence of the term Hgy_p;, in
Eq. (8). Indeed, for our purposes, one may re-
place II(q, w) by TI(3, w) to a very good approxima-
tion. We shall do this in the discussion below.

With these comments in mind, Eqg. (11) may be
written

[who - 2wrolI( ®) — w?] DQQ(E’ w)
+ 8§, Pyo(d, w)=-1/21 . (12b)

In a similar fashion, the equation of motion for
P, o(d, w) may be obtained. We find

(c2q%/€o+ QE = W) Py o(, @) — Qp[wE o — 2w 0Tl (w)]
XDgo(d, w)=+Q,/21 . (13)

Equations (12b) and (13) are two algebraic equa-
tions that may be solved for P,q(d, w) and Dgq
X(q, w):

DQQ(&: w)= %
2_ 22
-ty s 2wTo;(c:)3: [Zz/ fo(c2q2/<,,)] ket
(14)
and P,q(q, w)= — Q,w?[w? - c%?/€0] D go(d, ) . (15)

By proceeding in a similar way, one may obtain
two coupled equations for the quantities Po,(q, w)
and G,,(q, w). We find

PQV(E! (IJ)= PﬂQ(a’ (.U) (16)

- 1
and Gmr(q.: (.0) = E

X [0? - who + 2wpoll(w)]cg?/€g + Rpw®
[0? = Who + 2wroll(w)] [w® — %%/ €g] - QEw?

(17a)

- 1 cZ 2 €
Gmr(q: w)EE *%Q—

w?~c%P/e,
2 4
PR
(wz _czqa/€0)2

The form of G,, exhibited in Eq. (17b) will be
convenient for our purposes. Note from Eq.

(17a) that this function has no pole at the free-
photon frequency w=cq/Ve,.

There is one point in the derivation of Eqs. (16)
and (17) that we mention. Upon writing the equa-
tions of motion for Py, and G,,, one encounters
the function

DQQ(&}“’) . (17p)

Senl@ @)=1 [ 2Ee™* ([P (1), B, T50) -
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Upon examining the structure of the diagrams
that contribute to Gp,, one may show that

gp)r(ay w): H(w)PQﬂ(a’ w) )

where II(w) is the proper self-energy of the pho-
non introduced earlier.

Upon inserting the results of Eqs. (14)-(17)
into Eq. (7), the Raman efficiency may be written
in the form

S TV | sy e (s 2
dQdw ~ mct azjy e“(I)eB(S)er liaﬂyl [1+n(w)]
4me* w? )2 -
X{ a+d - @ . (q, w).
< Ve c%q®-eqw? Qa\%; (1)8)

To compute @ oo(q, w), We need to note that
M(w+i€)= A(w) Fil'(w) , (19)

where A(w) is the real part of the self-energy,
and I'(w) is the imaginary part. For the discus-
sion below, one should recall that I'(w) and A(w)
form a Kramers-Kronig transform pair. Let us
define the quantity

@po = Wpo — 2wWroA(w) . (20)
If we replace w by wgg on the right-hand side

of this expression, @po is then the renormalized
TO phonon frequency, corrected for the frequency

shifts introduced by the presence of anharmonicity.

While we shall not indicate explicitly that @r¢ is
frequency dependent, one should keep in mind that
this quantity does depend on the frequency trans-
fer w through its dependence on A(w).

From Eq. (14), and the definition of @ gq(q, )
given above, we find

- 2
Q QQ(q, w)= ;

« wpol'(w? —c2g?/€y)?
[w? — w2 (q)Plw? - w2 (q)]? + 4wioTE(w? —c?¢®/€,f °
(21)
In this expression, I is the imaginary part of
the proper self-energy, and w,(q) are the frequen-
cies of the polariton modes in the absence of
damping, i.e.,

w¥(q)= %{Caqz/fo"' Q;z’"“ %ot

+ %{(Czqz/fo + 92 + ‘I’?ro)z - (4Czq2/€0):‘<:’%o }1 2,
(22)
Thus, one finds for the Raman efficiency the
result

dzs iV wi . o fena 2
i0do =~ mmet | 2 & 0)24()23™] € ay|

aBy

41{8 % w? 2
X [1 +1’l(w)][ a +b< V,c > cng _ €0w2]
y wpol(w? —c?g?/€,)?
[w? - w2 (q)]P[w? - w2 (q)]* + 4who T4 (w? — %% /€ ) °
(23)

In this expression, recall that w=w; - wg is the
frequency shift of the photon, and d=k; kg is the
change in wave vector of the incident photon.

Our result in Eq. (23) reduces to the standard
expression for the Raman cross section in the
limit as I'= 0. When I"' - 0, the spectral density
@ gq becomes

. - 1
1 Q = =
im eo(dq, w) Tome Spn(w)

X[8(w - w.(@)) - 8(w+w.(@))

+8(w - w,(q)) - [w+ w.(@)] ,
where S,;(w) is the phonon strength function intro-
duced in earlier discussions.’

In the limit as I'~ 0, scatterings that involve
polaritons on the upper branch fail to conserve
wave vector and energy. Thus, we may drop the
terms containing w, (). Then

2 4
lim ) v wi 2

raodQdw  2mct@qo

23 24 (DE4(S)EP™ | € 0y

aBy

x[1+n(w)][a+b< 4712* ) L} ’

c2q? - €qw?

X Spn(w)[6(w - w.(@)) - 8(w +w, (@)] . (24)

This is the result employed in earlier work, which
ignored the effect of the damping of the lattice
motion. 8

For the case where damping of the lattice mo-
tion is present, Eq. (23) may be employed to give
a description of the Raman line for all scattering
angles, from the small angle (polariton) regime
to the large angle region. When the scattering
angle is large, say, near 90°, then

cq/Veg>w .

In this limit, w_(q)~ &1, and w,(q)~cq/Ve,.
Equation (23) reduces to

dzs h‘ng"[ ‘ A (T\A ~ (ph) | 2
aQde - mmect ggy eY(I)eB(S)€7 |€a87|

2wpeT
w? — 2P+ 4w T

X [1 +n(w)]a® [ .(25)

One thus has a roughly Lorentzian line (for small
T') centered about the frequency @go. This is the
result to be expected for large scattering angles,
outside the polariton regime.
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In his study of the Raman spectra of GaP in the
region of large wave-vector transfer, Barker
found a line shape for scattering produced by the
TO mode that deviated strongly from the Lor-
entzian form. In his analysis of the data, he ob-
tained information about the frequency dependence
of I'(w) and A(w) in the neighborhood of the TO
frequency @1o. The study of the intrinsic width
of the polariton in GaP by Raman scattering
should allow the study of the frequency dependence
of A and I" over a wide frequency range. In ef-
fect, one can sweep the center of the line over a
wide range of frequencies below @ro. The study
of the line shape as a function of scattering angle
thus should yield information about the frequency
dependence of the phonon proper self-energy over
a region of frequency large compared to the in-
trinsic width of the TO mode.

IV. SOME DETAILED PROPERTIES OF POLARITON
SPECTRA IN PRESENCE OF DAMPING OF
LATTICE

In this section, we present the results of some
detailed numerical studies of the shape and posi-
tion of the polariton line, as a function of scatter-
ing angle. In all the calculations presented be-
low, we have presumed that the imaginary part
of the proper self-energy I is independent of
frequency, and we have taken @pq to be equal to
wro. As discussed above, the experimental
study of deviations in the spectra from the results
obtained on this basis in principle contain useful
quantitative information about the magnitude and
frequency dependence of the phonon proper self-
energy.

In the calculations, we have chosen parameters
appropriate to ZnSe. The angular dependence of
the Raman intensity in the polariton regime has
been studied by Ushioda, ® and the parameters
appropriate to ZnSe are presented in the thesis
cited in Ref. 8. One has wgo=207 cm~), wyo
=253 cm™', and €,=5.75. Also, for this crystal,
analysis of the angular dependence of the scatter-

ing intensity in the polariton regime gives
y=(b/a)(@me*/e,V,)~-2.5

To proceed further, we need to relate the wave-
vector transfer g to the scattering angle 6 between
the direction of the incoming and outgoing radia-
tion, and the frequency transfer w=w; -wgs. If
ny and ng are the indices of refraction of the in-
cident and scattered light, then

- -
c2q%=c?|k; —Kg|2=n? wi+ndwd —2ngnwsw; cosh .
(26)

Since the frequency transfer w is small com-
pared to w; for incident frequencies in the visible,

[

one has

e
Ng=np (aw)wl .

For small 6, and small w, Eq. (26) may then be
written

5 2
cig?=nwie? + |:n,+w, (ﬁ ] w? . (27)
wr

Equation (27) gives the relation between 6 and ¢,
for a given frequency transfer. In the absence of
damping, the polariton frequency observed at a
particular 6 may be obtained graphically by super-
imposing the relation between w and ¢ provided
by Eq. (27) on a plot of the polariton dispersion
relation. This procedure is illustrated in Fig.
1(a). The dotted lines have been obtained from Eq.
(27). The index of refraction n; of ZnSe at the
6328- A He-Ne line is 2. 58,% and (81/0w)w, = 2.49
x10-*/cm-1.? These are the numbers we shall
employ in the calculations described below.

In Fig. 4 we present a plot of the angular de-
pendence of the peak scattering intensity in the
polariton regime. The curves have been computed
for the case where I'=2.5 cm~!, The solid line
is computed for the value of y appropriate to ZnSe,
i.e.,

y==2.5=y.

To illustrate the effect of the sign of v on the an-
gular dependence of the scattering intensity, the
dotted curve in Fig. 4 is a plot of the angular de-
pendence of the scattering intensity for the case

I peak

[oA] o

0l

05 0 5
g°—

FIG. 4. Dependence of the peak intensity of the Raman
line on scattering angle, for parameters appropriate to
ZnSe. See the text for a definition of the quantities v,
and Y_. Both curves are arbitrarily normalized to unity
at 0.5°.
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FIG. 5. Intrinsic full width W
at half-maximum of the Raman
line in ZnSe, calculated for I'=2.5
cm~! (the large-angle TO phonon
line then has a width of 5 cm™)),
At 6=0, both curves approach a
finite value.
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where the sign of y is reversed, i.e.,

v=+2.5=y, .

The minimum in the scattering intensity that ap-
pears in the solid curve occurs because when y
is negative, the electro-optic and atomic displace-
ment contributions to the cross section interfere
destructively in the polariton regime. A compar-
ison between the data on ZnSe and the predictions
of the polariton theory has been given earlier by
Ushioda.® We present the curves of Fig. 4 to
provide a reference for our later discussion.

In Fig. 5, the dependence of the full width of

68—

the Raman line at half-maximum on scattering an-
gle is given. The width plotted in this figure is
the intrinsic width of the line. This is the width
one would observe if the incident beam is perfect-
ly collimated and the detector were to subtend
an infinitesimal solid angle. These curves are
computed for the case where I'=2.5 cm-!, and
v assumes the two values employed in Fig. 4.
There are two prominent features evident in the
curves of Fig. 5. The linewidthincreases rapidly
as 6-0, to a finite value at 6=0. Also, when
¥ <0, the linewidth becomes very large (in fact,
infinite) at the angle corresponding to the mini-

380 134°
IlScm"
300
w
—  Polarit I ion (['=0
E&g{i‘ogn dspersion (I'=0) FIG. 6. Lower branch of the po-
200 T Eg:;g:’v;:g :f\;eiz:f‘m;n gles lariton dispersion curve for ZnO,
with the relation between frequency
and wave-vector transfer for various
scattering angles also included.
100
20
5 1.0 1.5 20 25
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mum in the scattering intensity. The first of
these features comes about because for very small
0, the curve of w versus g obtained from Eq.

(27) becomes nearly parallel to the undamped
polariton curve (see Fig. 1). When this is so,
and the damping of the lattice is introduced into
the theory, the width in frequency of the line ob-
served at fixed 6 can become quite large as 6 - 0.
This happens even though the reduction in the
phonon content of the lower branch of the polariton
dispersion relation causes the width of the feature
in the spectral density @ ¢o(d, w) (considered as a
function of w for fixed ¢) to decrease markedly

for small ¢, compared to the width at large wave
vectors. For negative y, Fig. 5 shows that the
linewidth becomes very large near the minimum
in the scattering intensity. This increase in line-
width comes about because at this scattering an-
gle the factor multiplying @ o in Eq. (23) has a
zero at the line center, and increases like w? as
one moves to the high or low frequency side of the
line center. Thus, when 6 assumes this special
value, the scattered light is distributed over a
range of frequency that is very broad compared

to the intrinsic width of the TO mode.

We should like to illustrate the dependence of
the intrinsic linewidth at very small angles on the
kinematics of the scattering process by a second
illustration. We have seen that for the case of
ZnSe, the linewidth at small angles increases,
because of the near tangency of the polariton dis-
persion curves, and the trajectories in the w-¢
plane found from Eq. (27). The case of ZnO, for
the geometry employed by Porto and his co-work-
ers'? in their study of polaritons in this material,
offers an example of contrasting behavior. In
their experiment, the incident photon is an ordi-
nary wave and the scattered photon is an extra-
ordinary wave. In Fig. 6, we plot the dispersion
relation of the lower polariton branch of ZnO, and
we have superimposed on this plot the relation
between w and g for various angles by using the
kinematic condition analogous to Eq. (27). [See
Eq. (2b) of the paper by Porto ef al.'’] Note that
for small 0, the dashed curves cut across the po-
lariton dispersion curve sharply, in contrast to
the case of ZnSe. In Fig. 7, we plot the intrinsic
Raman linewidth as a function of scattering angle
for this case. One sees that the sharp upturn at
small scattering angles that is such a prominent
feature of Fig. 5 is not present in this case. For
ZnO, the ratio vy is positive, ® so no minimum in
the angular dependence of the scattering efficiency
is present.

Porto et al.'® have reported that the width of the
observed polariton line in ZnO increases as 6 is
decreased. These authors attribute this to the

fr=

0 0 20 30 40
6 —

FIG. 7. Dependence of the intrinsic contribution to
the full width of the Raman line at half-maximum, for
the case of ZnO.

fact that their detector subtends a finite solid an-
gle, and the laser beam is focused on the crystal.
These features of the experimental apparatus will
cause a broadening of the observed Raman line at
small angles, where the polariton frequency de-
pends strongly on wave vector. The results of the
calculations described in the preceding paragraph
support this contention, since we have seen that
in ZnO, the kinematics of the scattering process
cause the intrinsic width of the Raman line to de-
crease at small angles.

In general, we find that the Raman line is asym-
metric in the polariton regime. The asymmetry
arises because as the frequency transfer w is
varied for a fixed value of the scattering angle 6,
the relative importance of the atomic displacement
and electro-optic contributions to the scattering
intensity also varies. Thus, the asymmetry be-
comes especially pronounced for ¥ <0 in the vi-
cinity of the minimum in the scattering intensity.
In Fig. 8, we plot the asymmetry of the line as a
function of scattering angle for the two cases
v=v%,=2.5and y=y.=-2.5 and I'=2.5 cm-..
The quantity A defined in the figure provides a
measure of the asymmetry. When y >0, the line
is found to be very nearly symmetric for all 6.
When y <0, the large asymmetry near the mini-
mum in the scattering intensity is evident. We
know of no published experimental studies of the
line shape of polariton spectra.

We conclude this section with a discussion of
the angular dependence of the position of the cen-
ter of the Raman line as a function of scattering
angle. In Fig. 9, we present agraph thatindicates
the error introduced by the assumption that the
polariton frequency and wave vector in the pres-
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ence of damping may be computed by Eq. (1), af-
ter replacing €(w) on the right-hand side by the
real part €4(w) of the dielectric constant. The
quantity A in Fig. 9 is the difference in frequency,
the position of the peak we find from our calcula-
tions based on Eq. (18), and the peak position
determined from the modified form of Eq. (1).
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FIG. 9. Error A in the position of the center of the
Raman line as a function of scattering angle for ZnSe
when I'=2.5 ecm™1.

The curves are computed for both values of yused
previously and for I'=2.5 em~'. For bothvalues
of y, one makes an appreciable error in using the
modified form of Eq. (1) for angles greater than
1°, i.e., at this value of 8, the error in the peak
position is the order of the linewidth. Note the
anomaly in the position of the center of the line
near the minimum in scattering intensity when y
is negative. In the region where the peak is
shifted by a large amount the line is also very
broad and asymmetric, and the scattering inten-
sity near the peak is quite small. Our plot in
Fig. 9 stops at §=1.5°, because just slightly be-
yond this value of 6, the pseudodispersion curve
computed from the modified Eq. (1) suffers its
turnaround.

We have seen that from a physical point of view,
the assumption that in the presence of damping
one may interpret polariton spectra by employing
the dispersion relation ¢%g?/w?=€z(w) is a pro-
cedure that cannot be justified. At the same time,
we have noted that a number of practical difficul-
ties occur when one tries to carry out the analy-
sis by this means.

One must then inquire whether or not there ex-
ists a simple straightforward means of analy-
zing the angular dependence of the position of the
peak of the polariton line, in order to relate these
data to the properties of the crystal. In our nu-
merical work, we have found in all cases studied
that the simplest possible rule applies with re-
markable accuracy, even when the lattice motion
is rather heavily damped: The position of the
peak as a function of scattering angle is very ac-
curately fitted by vsing the polariton dispersion
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fr—

FIG. 10. Position of the center
of the Raman line, as function of
scattering vector as determined by
the three methods discussed in the

— POLARITON DISPERSION CURVE WITH T =0 text. The quantity n; is the refrac-

tive index at the incident light fre-
quency. The vertical bar indicates
the linewidth at large angles for
the value of I'(7.5 cm™!) employed
in this work. The remaining pa-
rameters have been chosen ap-
propriate to ZnSe.
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relation appropriate to the case where no damp-
ing at all is present,i.e., one uses the dispersion
relation computed from Eq. (1), where the wave-
vector transfer and scattering angle are related
by Eq. (27). As an example of the kind of fit one
obtains by this procedure, in Fig. 10 we present
a plot of the polariton dispersion relation com-
puted from Eq. (1) for parameters relevant to
ZnSe (solid line). Superimposed on this plot we
have the dispersion relation deduced by replacing
€(w) by €gx(w) in Eq. (1) for the case where I'
=7.5 cm-! (dotted line). For this value of T, the
full width at half-maximum of the Raman line as-
sociated with the TO mode at large angles is 15
cm-!., Thus, for this value of ', the mode is
heavily damped. The dotted curve thus turns
about at very small values of ¢, as one can see
from the figure. Finally, on this graph we have
placed a series of dots that give the relation be-
tween the peak frequency of the line and the

wave-vector transfer for various values of 6.
These points were determined by using Eq. (18)
and the values of the parameters described above.
To within graphical accuracy, the points fall di-
rectly on top of the solid line, except for a small
and barely discernible anomaly in the vicinity of
the minimum of the scattering intensity. We ob-
tain similar results for the polaritons in ZnO.
The results of our study indicate that even when
the lattice motion is rather strongly damped, one
should analyze the data employing Eq. (1), with-
out modifying the right-hand side. We can present
no physical reason why this simple rule is the
correct one. We have found that it works very
well for all of the cases we have examined.
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Solids, New Yovk,1968, edited by G. B. Wright (Springer,
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New Yovk, 1968, edited by G. B. Wright (Springer, New
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“An interesting exception to this statement is pro-
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vided by Barker’s study of the TO phonon mode in GaP 8See the thesis of S. Ushioda cited in Ref, 1. Our
[A. S. Barker, Phys. Rev. 165, 917 (1968)]. The shape expression for the scattering efficiency is one-half that
of the large-angle Raman line and IR absorption peak given by Ushioda. We believe Ushioda’s result is in
deviate strongly from the Lorentzian shape. Barker error, because he presumed the cross section asso-
has carried out an analysis of his data by introducing a ciated with both the Stokes and anti-Stokes line (in the
frequency-dependent damping factor. By studying the classical theory) is proportional to the mean-square
shape of the polariton spectrum of this mode, in value (u?) 7 of the total relative displacement of the
principle one may extend Barker’s analysis to a much ions in the unit cell. In fact, »(#) contains a positive
wider range of frequencies. In essence, in the polari- frequency component #, and a negative frequency part
ton regime, one can sweep the line center over a wide u., with (in the classical theory) @ = (u?)p =% @?)p.
frequency region by varying the scattering angle. The cross section for anti-Stokes scattering is pro-
L. Van Hove, Phys. Rev. 95, 249 (1954); 95, 1374 portional to (#2)y, while that for Stokes scattering is
(1954). - - proportional to {u?)p rather than {u?);. Thus, Ushioda’s
63, J. Hopfield, Phys. Rev. 112, 1555 (1958). cross section should be reduced by a factor of 2. This
"For example, see E. Burstein, S. Ushioda, A. will bring it into agreement with our result.
Pinczuk, and J.F. Scott, 1969), paper A-1. in Proceedings D. T. F. Marple, J. Appl. Phys. 35, 539 (1964).
of the International Confevence on Light Scatteving B, Tell, S. P. S. Porto, and T.C. Damen, Phys.
Spectra of Solids, New York, 1968, edited by G. B. Rev. Letters 16, 450 (1966).

Wright (Springer, New York, 1969).
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Cooling Curve in a One-Dimensional Crystal
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A region of 2N+ 1 particles in a harmonic one-di- =27 'arcsin(1/#), for t>1. (2)
mensional crystal is given temperature T, at time
t=0. The central particle in this region cools down
as follows!:

The present note demonstrates how this limiting
cooling curve may be found in a simple manner.
The standard representation?

N
T =Ty & JAND , (1) T2 =207 [ /2 7,22 sing) cos2nd do

n= =N
allows the summation over # in Eq. (1) to be per-

formed. Introducing a new variable x =2Nsin¢,
we obtain
T()/Ty=2m"1 f:” dx x~ Y y(xt)

lim T(8)/T,=1, for t<1 xsin[2Narcsin(x/2N)]+JEZND) . (3)
N =

where ¢ is a suitable dimensionless time variable.
By very complicated asymptotics Rubin' was able
to determine the following limiting behavior:



